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Abstract. We look at the problem of computing statistics for a large multivariate normal
distribution whose precision matrix has limited bandwidth. In particular, we wish to randomly sam-
ple from the distribution, compute its mean vector, and compute a central band of its covariance
matrix. We show how to accomplish these tasks in time linear in the dimensionality of the distri-
bution, for fixed bandwidths. Our algorithms have applications in parameter estimation for certain
maximum-entropy models.
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1. Problem Statement. We are given the following as input:
1. integers n, k, and k with 0 < k < k < n;
2. an n-variate, bandwidth-k£ normal form F = (4, b, c).
DEFINITION 1.1. F = (A,b,c) is an n-variate normal form if A is an n X n,
symmetric, negative-definite, real matrix; b is a real n-vector; and c is a real scalar.
We say that F' has bandwidth k if A has bandwidth k, i.e., Ali,j] = 0 whenever

li —j| > k.
F' defines the function
(1.1) f(@;A,b,¢) = exp (2" Az + b'z + ¢),

which is proportional to a multivariate normal pdf over R" whose precision (inverse
covariance) matrix is —2A. Let x be a vector random variable whose pdf is propor-
tional to f(z;A,b,c). We wish to carry out the following tasks each in O(np(k, k))
time, where p(k, k) is a low-order polynomial in k£ and &:

1. Compute the mean for z.

2. Compute a bandwidth-x central band of the covariance matrix for x.

3. Randomly sample z.

4. Compute the integral [, f(z;A,b,c)dz.

Tasks 1 and 4 are straightforward to accomplish within our time-complexity

bounds. First, complete the square:

1
TtAz +b'x +c= —§(x—u)tﬂ(x —p)+d,

where IT = —2A, Ty = b, and ¢/ = ¢+ $p'b. This takes O(nk?) time, and produces
the mean vector u as the solution for Task 1. Do a Cholesky decomposition of II
(O(nk?) time) then take the product of the diagonal elements to obtain detIT (O(n)
time). The integral of Task 4 is then
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Altogether, this takes O(nk?) time.

Unfortunately, the obvious solutions to tasks 2 and 3 do not meet our time com-
plexity requirement. Task 2 would seem to require a matrix inversion, and the usual
methods for matrix inversion require ©(n?®) time. For a bandwidth-k matrix M one
can reduce this to ©(nk?) (for an LU decomposition) plus ©(n?k) (use backsubstitu-
tion to solve Mwu; = e; for u;, 0 < i < n, where e; is column % of the identity matrix);
however, this is still too costly.

The obvious algorithm for Task 3 is

1. Compute for IT an orthonormal basis of eigenvectors u; and their correspond-
ing eigenvalues A;.

2. Draw n independent samples «; from the 0-centered, unit-variance normal
distribution.

3. Return p+ >0 ai)\;lﬂui.
Step 3 alone takes ©(n?) time. Thus we must look further for efficient solutions to
tasks 2 and 3.

2. Motivation. The tasks of §1 arise during maximum-likelihood parameter es-
timation for a class of maximum-entropy statistical models that have applications in
speech recognition, handwriting recognition, and other sequential phenomena tradi-
tionally modeled by hidden Markov models, but for which the HMM assumption of
conditional independence of observations is inappropriate [5]. We describe a simplified
example from this class of models.

Suppose that we have a sequence s of n discrete states, and a parallel sequence
z of continuous values. In speech recognition the states correspond to segments of
phonemes and z to the temporal evolution of some acoustic feature produced from
the raw acoustic signal by a signal-processing front end. Suppose also that for each
state we have gathered statistics giving the mean and variance of the feature in that
state, along with the mean and variance of various estimated time derivatives of the
feature (to capture some of the dynamics of the signal). In particular, for each state
q and 0 <r < R, we have measured average values for

(2.1) > (D)
t:s:=¢q
(22) 3 (D))’
t:s1=q

over some training set of vectors z. D" is a band matrix used to compute order-r
estimated time derivatives, and R is the maximum derivative order. For example, one
might define row ¢ of D! to be the coefficients one would use to do a least-squares
linear fit of the values z,, t — w < u < t + w, for some window width w. D9 is the
identity matrix. (D"z); is the value of the estimated r-th derivative of the acoustic
feature at time ¢.

We wish to construct a distribution over x whose statistics (expected values
for (2.1) and (2.2)) match the empirical averages we have measured; these averages
should, in some sense, be the entirety of the information expressed by the distribu-
tion. The principle of maximum entropy [2] prescribes that we should then choose the
unique distribution that maximizes the entropy (a measure of the spread and uncer-
tainty of a distribution) subject to the given statistical constraints. This maximum-
entropy distribution has a pdf that is proportional to f(z; A, b, c) if we define

1. A=Y (D")'A™D",
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A" is a diagonal matrix whose diagonal element ¢ is A[sq, 7],
b=3, (D),
f = v[s, r],

5. v[g,r] and A[g, r], for arbitrary states ¢ and 0 < r < R, are parameters chosen
to make the expected values of (2.1) and (2.2) equal to their empirical averages.
Note that the bandwidth of A is twice the maximum of the bandwidths of the matrices
Dr.

-

In [5] we use a variant of the above model in which there are several hundred
possible state sequences for each utterance, a dozen or so acoustic features, and the
temporal sequences of values for distinct features are independent given the state
sequence. We obtain maximum-likelihood parameter estimates by applying a stan-
dard gradient-based optimization procedure; thus, efficient computation of the log
likelihood and its gradient are essential. This leads to the tasks of §1:

Task 4. The log of this integral is required in computing the log likelihood.

Tasks 1 and 2. The gradient of the log likelihood is proportional to the vector of
differences between expected values of (2.1) or (2.2) and the corresponding empirical
averages, for each feature, state s, and order r. We compute the needed expected
values from the mean p (Task 1) and a central band of the covariance matrix C
(Task 2) for each feature, given a particular state sequence, as follows. Define ' =
D7y and C' = D"C(D")". Then the expected value of (2.1) is the sum of ) over all
t for which s; = ¢, and the expected value of (2.2) is the sum of C'[t,t] over all ¢ for
which s; = ¢. It is easily verified that computation of the diagonal of C’ requires only
a bandwidth-x central band of C', where k is twice the bandwidth of D”.

Task 3. This random sampling is useful for Monte Carlo computation of expecta-
tions of arbitrary functions of the temporal sequence of feature values. This is needed
if one applies the improved iterative scaling algorithm [1] in parameter estimation, or
if one wishes to compute the observed information matrix as a measure of parameter
uncertainty [4].

In this application we have xk = k, with typical values for k£ running from 1 to 8.
Typical values for n run from 60 to 1000.

3. Marginals. Qur solutions are based on analytically integrating f(z; A, b, c)
one variable at a time and storing information about the resulting log-quadratic func-
tions. This approach was inspired by elimination algorithms for doing inference with
Bayesian networks [3]. A forward pass to compute each of these n marginals produces
the log integral of Task 4 as a side effect. The information from the forward pass gives
us the conditional distribution for z; given all z;, j > . A subsequent backward pass
can then either sample = or compute the needed mean vector and central band of the
covariance matrix.

DEFINITION 3.1. If A is a matriz, then Aliy : i2) is the submatriz of A comprising
rows and columns i1 through ia — 1. If b is a vector, then b[iy : i2) is the vector
comprising elements iy through i — 1 of b. If F = (A,b,c) then F[i1 : i2) = (Afiy :
7:2), b[ll : 7:2), C).

In this paper we number vector elements and matriz rows/columns starting with
0 instead of 1.

DEFINITION 3.2. Let F = (A,b,c) be an n-variate normal form, n > 0, and
0 <l <wu<n. The [l,u) marginal of F, written marg(l,u, F), is the unique triple
(A,b,&) such that

(3.1) fy; A,0,8) = | f(x; A, b,e)dzg---dxy_q dzy - - - dey 1,
Rh
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for all (u —l)-vectors y, where h =n —u+1 and x; def yi—i for 1 <i <wu. The lower
marginal is the [1,n) marginal.

It is well known that the marginals of a multivariate normal distribution are them-
selves normal distributions, hence the marginals of normal forms exist, are unique,
and are themselves normal forms. Note that for the [u,u) marginal we have a 0 x 0
matrix 4, a 0-length vector b, and fly; A, b, ¢) = ¢é where y is a 0-length vector. For
convenience, we consider a 0 x 0 matrix to be normal.

LEMMA 3.3. Let F = (A,b,c) be an n-variate normal form, n > 0. Then
marg(1,n, F) = (A,b, &), where

A = A[l:n)+waat a = d[l:n)
b = b[l:n)+wha o' = column 0 of A
¢ = c+wb}/4+ Llog(nw) w = =—1/A][0,0].

Furthermore, marg(1,n, F') is a normal form.
Proof. Let A= A[l:n), b=>b[1:n),y =z[1:n), and a = A[0,0]. Then

2t Az + bz + ¢ = a(zo — m(y))? + ¢ — am(y)? + yt Ay + by,

where m(y) = —(bo + 2a'y)/(2a). Integrating out x¢, we have

o0 1/2
(3.2)/ exp (2" Az + b'z + ¢) dzo = (%) exp (ytAy +b'y +c— am(y)z) .

—0o0
(a < 0 because A is negative definite.) Some more algebra gives

. N . At b2
(3.3) yt Ay + bty + c —am(y)? = y*Ay + (b) y+c— i

Equations (3.2) and (3.3) give us (3.1) for I = 1, u = n; hence, (4,b,&) is the lower
marginal of F.

If n = 1 then A is a 0 x 0 matrix and hence is, by definition, normal. Now consider
the case n > 1.

If 2o = wa'y, then a bit of algebra shows that 2tAz = ytAy. If y # 0 then = # 0,
hence ytAy = ztAx < 0. Thus A is negative definite. In addition, since A and aat
are symmetric, so is A. Thus A is a normal matrix. a

COROLLARY 3.4. Let F be a bandwidth-k, n-variate normal form (n > k >
0). Then marg(1,n,F) also has bandwidth k. Furthermore, we can carry out the
assignment

F[1:n) + marg(l,n, F);

in O(1 + k?) time.

Proof. Referring to Lemma 3.3, we see that since A has bandwidth &, all but
the first k£ elements of « are 0. Thus, aa® is all zeroes except for its k x k upper-left
submatrix, and has bandwidth k£ — 1. The corollary immediately follows. |

The algorithms in the following sections apply Corollary 3.4 repeatedly, producing
the [0, 0) marginal as a byproduct in O(n(1+ k?)) time. The scalar component of this
marginal is exactly the logarithm of the integral to be computed for Task 4.
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4. Sampling. To sample z from the full multivariate normal distribution corre-
sponding to a normal form F', we successively sample the conditional distribution for
z, given z[p + 1 : n), as p runs from n — 1 to 0. We find that this requires only the
first element of b and the first row/column of A, where (4, b,é) is the [p,n) marginal
of F.

LemMA 4.1. Let F = (A,b,c) be an n-variate normal form. Consider the mul-
tiwariate normal distribution over R™ proportional to f(x; A,b,c). The conditional
distribution for z, (0 < p < n) given z[p+1 :n) is the normal distribution with mean
© and precision \, where

A= —21‘1[{),[)]

(4.1) p=2" 0423 Al ple
i>p

and (4,b,&) = marg(p,n, F). Furthermore, if F has bandwidth k, then i and \ can
be computed in O(1 + k) time.

Proof. The conditional pdf is proportional to the marginal pdf for y = z[p : n),
which itself is proportional to f(y;A,b,é). Substituting in constant (known) values
for z[p + 1 : n), all of the exponent terms that don’t involve z, become constant
factors that we can ignore. The conditional pdf for z, is then proportional to

exp fl[p,p]x?, +2 Z Ali, plziz, + I;pwp

i>p

Completing the square, this is proportional to

i by +25,, Ali, plz; |
exp | Alp, T =
p [p, p] ( p+ 24[p, p] )
Matching this with the form exp(—3A(z, — p)?) for a normal pdf gives us the first
part of the lemma. The time-complexity bound follows from the fact that all but the
first k& terms of the sum for computing p are zero. O
This now gives us our sampling algorithm.
THEOREM 4.2. Let F = (A, b,c) be a bandwidth-k, n-variate normal form, where
n > k > 0. Then the algorithm of Figure 4.1 samples from the multivariate normal
distribution corresponding to F in O(n(1 + k?)) time.
Proof. The first for loop computes all [p,n) marginals of F' as p runs from 0 to
n, nesting them inside of each other in a fashion that retains only the information we
need for efficient sampling (Figure 4.2). Let F() = (AW () ¢9)) = marg(j,n, F).
We have the following as an invariant of the first for loop:
1. ﬁ’[p:n) = F®),
2. For 0 < j <pandj<i<n, Al j] = AV, j].
3. For 0<j <p,b;=b.
As a result, the following are established by the end of the first for loop and hold
throughout the second for loop (lines 5-10):
1. Forall 0 < j <i < mn, A[i,j] = AO[i, j].
2. For all 0 < j < n, b = b
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Require: n >k >0, F = (4,b,¢) is a bandwidth-k, n-variate normal form.
Ensure: z[0 : n) randomly drawn from normal distribution corresponding to F.
F « F; {(4,b,¢) = F by definition}
forp+—0ton—1do

Flp+1:n) « marg(l,n —p, F[p: n));
end for
forp+n—-1to0do

A —QA[p,p];

m  max(n — 1,p + k);

= ATt (i)p +23 ci<m A[i,p]:v,-);
x, < sample from normal with mean p and precision A;
end for

—_
@

F1G. 4.1. Random generation of vectors from pdf corresponding to F

Thus, lines 6 and 8 are equivalent to
1. A« A@[p, p] and

2 e A (U + 28, i AP pli )5
combining this with Lemma 4.1, this means that in line 9 we are sampling from the
conditional distribution over z, given z[p + 1 : n), based on the multivariate normal
distribution corresponding to F. Since each z, is sampled only after z[p + 1 : n)
has been sampled, the resulting vector z[0 : n) is a sample from the desired normal
distribution.

Copying F to F takes O(n(1+k)) time, assuming we use any efficient band-matrix
representation. By Corollary 3.4, line 3 takes O(1 + k2) time, and so the first for
loop takes O(n(1 + k2)) time. Lines 6-9 take O(1 + k) time altogether, and so the
second for loop takes O(n(1+k)) time. Thus the entire algorithm takes O(n(1+ k?2))
time. Note that if we wish to draw multiple samples, the setup in lines 1-4 need not
be repeated, so we can draw additional samples in O(n(1 + k)) time each. O

5. Means and Variances. We now present a solution for Task 2 that also solves
Task 1 with little additional work. We begin with a corollary to Lemma 4.1.

COROLLARY 5.1. Let F = (A, b,c) be an n-variate normal form. Let u; and aﬁj,
0 <i,j <n, be the means and covariances for the corresponding multivariate normal
distribution. Let (A,b,&) = marg(p,n,F) and \ = —2[1[p,p]. Then for j > p,

pp= A" by +2 ) Ali, plus

i>p

op, ="' +4x2 " Afi,p|A[h,plo},
i,h>p

0-12)’]. = 2)\71 Z A[Z,p](fi]

i>p

Proof. The formula for u, follows directly from equation (4.1) of Lemma 4.1,
and the linearity of the expectation operator. The formula for af,,j follows from
equation (4.1) and the fact that the covariance operator is linear in each argument:
Claz,y] = aClz,y] and Clz + z',y] = C[z,y] + C[z',y]. Lemma 4.1 tells us that we

can write ¥, = e, + uy, where py is the conditional mean of x, given z[p +1 : n)
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F1G. 4.2. Nesting of marginals in the algorithm of Figure 4.1

from equation (4.1), and e, is a normal random variable independent of z[p + 1 : n),
with variance A~!. The formula for ‘712),1) then follows from the fact that the covariance
operator is linear in each argument. O

This now gives us an algorithm to compute the mean vector and central band of
the covariance matrix for the normal distribution corresponding to a normal form.

THEOREM 5.2. Let F = (A, b,c) be a bandwidth-k, n-variate normal form, where
n >k > k>0. Then the algorithm of Figure 5.1 computes the mean vector and and
a central band of the covariance matriz of bandwidth k in O(n(1l + k)(1 + k)) time.

Proof. Let FY) = (AW, p() () = marg(j,n, F). The first for loop of Figure 5.1
is identical to the first for loop of Figure 4.1, and as in Theorem 4.2 it establishes
the following condition that holds throughout the remainder of the algorithm:

1. Forall 0 < j <i < n, A[i,j] = AD[i, j].

2. Forall 0 < j <n, b; =0
Thus, we may replace every use of A and b in lines 6, 8, 9, and 11 with A® and »®
respectively. Combining this with Corollary 5.1, it follows that we have the following
as an invariant of the second for loop (lines 5-14):

1. p; is element ¢ of the mean vector for all 4 > p;

2. CTi, j] is the covariance of z; and z; for all 4,j > p and |i — j| < k.
Substituting p = —1 upon termination of the second for loop into the above invariant
gives us that u[0 : n) holds the mean vector and C holds the desired central band of
the covariance matrix.

As in Theorem 4.2, lines 1-4 take O(n(1 + k2)) time. Lines 6-9 take O(1 + k?)
time, and the loop of lines 10-13 takes O((1+k)(1+x)) time. Since k < &, O(1+k?) =
O((1 + k)(1 + k)). Thus, the entire loop in lines 5-14 takes O(n(1 + k)(1 + k)) time;
combined with the time bound for the first loop, this gives the time complexity bound
of the theorem. O
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